We describe the holographic correspondence between field theories and string/M theory, focusing on the relation between compactifications of string/M theory on Anti-de Sitter spaces and conformal field theories. We review the background for this correspondence and discuss its motivations and the evidence for its correctness. We describe the main results that have been derived from the correspondence in the regime that the field theory is approximated by classical or semiclassical gravity. We focus on the case of the N = 4 supersymmetric gauge theory in four dimensions.
General Introduction
Even though string theory is normally used as a theory of quantum gravity, it is not how string theory was originally discovered. String theory was discovered in an attempt to describe the large number of mesons and hadrons that were experimentally discovered in the 1960's. The idea was to view all these particles as different oscillation modes of a string. The string idea described well some features of the hadron spectrum. For example, the mass of the lightest hadron with a given spin obeys a relation like m 2 ∼ T J 2 + const. This is explained simply by assuming that the mass and angular momentum come from a rotating, relativistic string of tension T . It was later discovered that hadrons and mesons are actually made of quarks and that they are described by QCD.
QCD is a gauge theory based on the group SU (3). This is sometimes stated by saying that quarks have three colors. QCD is asymptotically free, meaning that the effective coupling constant decreases as the energy increases. At low energies QCD becomes strongly coupled and it is not easy to perform calculations. One possible approach is to use numerical simulations on the lattice. This is at present the best available tool to do calculations in QCD at low energies. It was suggested by 't Hooft that the theory might simplify when the number of colors N is large. 2 The hope was that one could solve exactly the theory with N = ∞, and then one could do an expansion in 1/N = 1/3. Furthermore, as explained in the next section, the diagrammatic expansion of the field theory suggests that the large N theory is a free string theory and that the string coupling constant is 1/N . If the case with N = 3 is similar to the case with N = ∞ then this explains why the string model gave the correct relation between the mass and the angular momentum. In this way the large N limit connects gauge theories with string theories. The 't Hooft argument, reviewed below, is very general, so it suggests that different kinds of gauge theories will correspond to different string theories. In this review we will study this correspondence between string theories and the large N limit of field theories. We will see that the strings arising in the large N limit of field theories are the same as the strings describing quantum gravity. Namely, string theory in some backgrounds, including quantum gravity, is equivalent (dual) to a field theory.
Strings are not consistent in four flat dimensions. Indeed, if one wants to quantize a four dimensional string theory an anomaly appears that forces the introduction of an extra field, sometimes called the "Liouville" field. 3 This field on the string worldsheet may be interpreted as an extra dimension, so that the strings effectively move in five dimensions. One might qualitatively think of this new field as the "thickness" of the string. If this is the case, why do we say that the string moves in five dimensions? The reason is that, like any string theory, this theory will contain gravity, and the gravitational theory will live in as many dimensions as the number of fields we have on the string. It is crucial then that the five dimensional geometry is curved, so that it can correspond to a four dimensional field theory, as described in detail below. The argument that gauge theories are related to string theories in the large N limit is very general and is valid for basically any gauge theory. In particular we could consider a gauge theory where the coupling does not run (as a function of the energy scale). Then, the theory is conformally invariant. It is quite hard to find quantum field theories that are conformally invariant. In supersymmetric theories it is sometimes possible to prove exact conformal invariance. A simple example, which will be the main example in this review, is the supersymmetric SU (N ) (or U (N )) gauge theory in four dimensions with four spinor supercharges (N = 4). Four is the maximal possible number of supercharges for a field theory in four dimensions. Besides the gauge fields (gluons) this theory contains also four fermions and six scalar fields in the adjoint representation of the gauge group. The Lagrangian of such theories is completely determined by supersymmetry. There is a global SU (4) R-symmetry that rotates the six scalar fields and the four fermions. The conformal group in four dimensions is SO(4, 2), including the usual Poincaré transformations as well as scale transformations and special conformal transformations (which include the inversion symmetry x µ → x µ /x 2 ). These symmetries of the field theory should be reflected in the dual string theory. The simplest way for this to happen is if the five dimensional geometry has these symmetries. Locally there is only one space with SO(4, 2) isometries: five dimensional Anti-de-Sitter space, or AdS 5 . Anti-de Sitter space is the maximally symmetric solution of Einstein's equations with a negative cosmological constant. In this supersymmetric case we expect the strings to also be supersymmetric. We said that superstrings move in ten dimensions. Now that we have added one more dimension it is not surprising any more to add five more to get to a ten dimensional space. Since the gauge theory has an SU (4) SO(6) global symmetry it is rather natural that the extra five dimensional space should be a five sphere, S 5 . So, we conclude that N = 4 U (N ) Yang-Mills theory could be the same as ten dimensional superstring theory on AdS 5 × S 5 . 4 Here we have presented a very heuristic argument for this equivalence; later we will be more precise and give more evidence for this correspondence.
The relationship we described between gauge theories and string theory on Anti-de-Sitter spaces was motivated by studies of D-branes and black holes in strings theory. D-branes are solitons in string theory. 5 They come in various dimensionalities. If they have zero spatial dimensions they are like ordinary localized, particle-type soliton solutions, analogous to the 't Hooft-Polyakov 6,7 monopole in gauge theories. These are called D-zero-branes. If they have one extended dimension they are called D-one-branes or D-strings. They are much heavier than ordinary fundamental strings when the string coupling is small. In fact, the tension of all D-branes is proportional to 1/g s , where g s is the string coupling constant. D-branes are defined in string perturbation theory in a very simple way: they are surfaces where open strings can end. These open strings have some massless modes, which describe the oscillations of the branes, a gauge field living on the brane, and their fermionic partners. If we have N coincident branes the open strings can start and end on different branes, so they carry two indices that run from one to N . This in turn implies that the low energy dynamics is described maldacenapv: submitted to World Scientific on June 15, 2006For Publisher's use by a U (N ) gauge theory. D-p-branes are charged under p + 1-form gauge potentials, in the same way that a 0-brane (particle) can be charged under a one-form gauge potential (as in electromagnetism). These p + 1-form gauge potentials have p + 2-form field strengths, and they are part of the massless closed string modes, which belong to the supergravity (SUGRA) multiplet containing the massless fields in flat space string theory (before we put in any Dbranes). If we now add D-branes they generate a flux of the corresponding field strength, and this flux in turn contributes to the stress energy tensor so the geometry becomes curved. Indeed it is possible to find solutions of the supergravity equations carrying these fluxes. Supergravity is the low-energy limit of string theory, and it is believed that these solutions may be extended to solutions of the full string theory. These solutions are very similar to extremal charged black hole solutions in general relativity, except that in this case they are black branes with p extended spatial dimensions. Like black holes they contain event horizons.
If we consider a set of N coincident D-3-branes the near horizon geometry turns out to be AdS 5 × S 5 . On the other hand, the low energy dynamics on their worldvolume is governed by a U (N ) gauge theory with N = 4 supersymmetry. 8 These two pictures of D-branes are perturbatively valid for different regimes in the space of possible coupling constants. Perturbative field theory is valid when g s N is small, while the low-energy gravitational description is perturbatively valid when the radius of curvature is much larger than the string scale, which turns out to imply that g s N should be very large. As an object is brought closer and closer to the black brane horizon its energy measured by an outside observer is redshifted, due to the large gravitational potential, and the energy seems to be very small. On the other hand low energy excitations on the branes are governed by the Yang-Mills theory. So, it becomes natural to conjecture that Yang-Mills theory at strong coupling is describing the near horizon region of the black brane, whose geometry is AdS 5 × S 5 . The first indications that this is the case came from calculations of low energy graviton absorption cross sections.
9,10,11 It was noticed there that the calculation done using gravity and the calculation done using super Yang-Mills theory agreed. These calculations, in turn, were inspired by similar calculations for coincident D1-D5 branes. In this case the near horizon geometry involves AdS 3 × S 3 and the low energy field theory living on the D-branes is a 1+1 dimensional conformal field theory. In this D1-D5 case there were numerous calculations that agreed between the field theory and gravity. First black hole entropy for extremal black holes was calculated in terms of the field theory in Ref. 12 , and then agreement was shown for near extremal black holes 13, 14 and for absorption cross sections 15, 16, 17 . More generally, we will see that correlation functions in the gauge theory can be calculated using the string theory (or gravity for large g s N ) description, by considering the propagation of particles between different points in the boundary of AdS, the points where operators are inserted.
18,19
Supergravities on AdS spaces were studied very extensively, see Refs. 20 and 21 for reviews. See also Refs. 22 and 23 for earlier hints of the correspondence.
One of the main points of this lecture talk paper work will be that the strings coming from gauge theories are very much like the ordinary superstrings that have been studied during the last 20 years. The only particular feature is that they are moving on a curved geometry (anti-de Sitter space) which has a boundary at spatial infinity. The boundary is at an infinite spatial distance, but a light ray can go to the boundary and come back in finite time. Massive particles can never get to the boundary. The radius of curvature of Anti-de Sitter space depends on N so that large N corresponds to a large radius of curvature. Thus, by taking N to be large we can make the curvature as small as we want. The theory in AdS includes gravity, since any string theory includes gravity. So in the end we claim that there is an equivalence between a gravitational theory and a field theory. However, the mapping between the gravitational and field theory degrees of freedom is quite non-trivial since the field theory lives in a lower dimension. In some sense the field theory (or at least the set of local observables in the field theory) lives on the boundary of spacetime. One could argue that in general any quantum gravity theory in AdS defines a conformal field theory (CFT) "on the boundary". In some sense the situation is similar to the correspondence between three dimensional Chern-Simons theory and a WZW model on the boundary. 24 This is a topological theory in three dimensions that induces a normal (non-topological) field theory on the boundary. A theory which includes gravity is in some sense topological since one is integrating over all metrics and therefore the theory does not depend on the metric. Similarly, in a quantum gravity theory we do not have any local observables. Notice that when we say that the theory includes "gravity on AdS" we are considering any finite energy excitation, even black holes in AdS. So this is really a sum over all spacetimes that are asymptotic to AdS at the boundary. This is analogous to the usual flat space discussion of quantum gravity, where asymptotic flatness is required, but the spacetime could have any topology as long as it is asymptotically flat. The asymptotically AdS case as well as the asymptotically flat cases are special in the sense that one can choose a natural time and an associated Hamiltonian to define the quantum theory. Since black holes might be present this time coordinate is not necessarily globally well-defined, but it is certainly well-defined at infinity. If we assume that the conjecture we made above is valid, then the U (N ) Yang-Mills theory gives a nonperturbative definition of string theory on AdS. And, by taking the limit N → ∞, we can extract the (ten dimensional string theory) flat space physics, a procedure which is in principle (but not in detail) similar to the one used in matrix theory.
25
The fact that the field theory lives in a lower dimensional space blends in perfectly with some previous speculations about quantum gravity. It was suggested 26, 27 that quantum gravity theories should be holographic, in the sense that physics in some region can be described by a theory at the boundary with no more than one degree of freedom per Planck area. This "holographic" principle comes from thinking about the Bekenstein bound which states that the maximum amount of entropy in some region is given by the area of the region in Planck units. 28 The reason for this bound is that otherwise black hole formation could violate the second law of thermodynamics. We will see that the correspondence between field theories and string theory on AdS space (including gravity) is a concrete realization of this holographic principle.
Other reviews of this subject are Refs. 29, 30, 31, 32, and 1.
The Correspondence
In this section we will present an argument connecting type IIB string theory compactified on AdS 5 × S 5 to N = 4 super-Yang-Mills theory. 4 Let us start with type IIB string theory in flat, ten dimensional Minkowski space. Consider N parallel D3 branes that are sitting together or very close to each other (the precise meaning of "very close" will be defined below). The energies, energies lower than the string scale 1/l s , then only the massless string states can be excited, and we can write an effective Lagrangian describing their interactions. The closed string massless states give a gravity supermultiplet in ten dimensions, and their low-energy effective Lagrangian is that of type IIB supergravity. The open string massless states give an N = 4 vector supermultiplet in (3 + 1) dimensions, and their low-energy effective Lagrangian is that of N = 4 U (N ) super-Yang-Mills theory.
8,33
The complete effective action of the massless modes will have the form
S bulk is the action of ten dimensional supergravity, plus some higher derivative corrections. Note that the Lagrangian (1) involves only the massless fields but it takes into account the effects of integrating out the massive fields. It is not renormalizable (even for the fields on the brane), and it should only be understood as an effective description in the Wilsonian sense, i.e. we integrate out all massive degrees of freedom but we do not integrate out the massless ones. The brane action S brane is defined on the (3 + 1) dimensional brane worldvolume, and it contains the N = 4 super-Yang-Mills Lagrangian plus some higher derivative corrections, for example terms of the form α 2 Tr(F 4 ). Finally, S int describes the interactions between the brane modes and the bulk modes. The leading terms in this interaction Lagrangian can be obtained by covariantizing the brane action, introducing the background metric for the brane. 34 We can expand the bulk action as a free quadratic part describing the propagation of free massless modes (including the graviton), plus some interactions which are proportional to positive powers of the square root of the Newton constant. Schematically we have
where we have written the metric as g = η + κh. We indicate explicitly the dependence on the graviton, but the other terms in the Lagrangian, involving other fields, can be expanded in a similar way. Similarly, the interaction Lagrangian S int is proportional to positive powers of κ. If we take the low energy limit, all interaction terms proportional to κ drop out. This is the well known fact that gravity becomes free at long distances (low energies). In order to see more clearly what happens in this low energy limit it is convenient to keep the energy fixed and send l s → 0 (α → 0) keeping all the dimensionless parameters fixed, including the string coupling constant and N . In this limit the coupling κ ∼ g s α 2 → 0, so that the interaction Lagrangian relating the bulk and the brane vanishes. In addition all the higher derivative terms in the brane action vanish, leaving just the pure N = 4 U (N ) gauge theory in 3 + 1 dimensions, which is known to be a conformal field theory. And, the supergravity theory in the bulk becomes free. So, in this low energy limit we have two decoupled systems. On the one hand we have free gravity in the bulk and on the other hand we have the four dimensional gauge theory.
Next, we consider the same system from a different point of view. D-branes are massive charged objects which act as a source for the various supergravity fields. We can find a D3 brane solution 35 of supergravity, of the form
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Note that since g tt is non-constant, the energy E p of an object as measured by an observer at a constant position r and the energy E measured by an observer at infinity are related by the redshift factor
This means that the same object brought closer and closer to r = 0 would appear to have lower and lower energy for the observer at infinity. Now we take the low energy limit in the background described by equation (3) . There are two kinds of low energy excitations (from the point of view of an observer at infinity). We can have massless particles propagating in the bulk region with wavelengths that becomes very large, or we can have any kind of excitation that we bring closer and closer to r = 0. In the low energy limit these two types of excitations decouple from each other. The bulk massless particles decouple from the near horizon region (around r = 0) because the low energy absorption cross section goes like σ ∼ ω 3 R 8 , 9,10 where ω is the energy. This can be understood from the fact that in this limit the wavelength of the particle becomes much bigger than the typical gravitational size of the brane (which is of order R). Similarly, the excitations that live very close to r = 0 find it harder and harder to climb the gravitational potential and escape to the asymptotic region. In conclusion, the low energy theory consists of two decoupled pieces, one is free bulk supergravity and the second is the near horizon region of the geometry. In the near horizon region, r R, we can approximate f ∼ R 4 /r 4 , and the geometry becomes
which is the geometry of AdS 5 × S 5 . We see that both from the point of view of a field theory of open strings living on the brane, and from the point of view of the supergravity description, we have two decoupled theories in the low-energy limit. In both cases one of the decoupled systems is supergravity in flat space. So, it is natural to identify the second system which appears in both descriptions. Thus, we are led to the conjecture that N = 4 U (N ) super-Yang-Mills theory in 3 + 1 dimensions is the same as (or dual to) type IIB superstring theory on AdS 5 × S 5 .
4
We could be a bit more precise about the near horizon limit and how it is being taken. Suppose that we take α → 0, as we did when we discussed the field theory living on the brane. We want to keep fixed the energies of the objects in the throat (the near-horizon region) in string units, so that we can consider arbitrary excited string states there. This implies that √ α E p ∼ fixed. For small α (4) reduces to E ∼ E p r/ √ α . Since we want to keep fixed the energy measured from infinity, which is the way energies are measured in the field theory, we need to take r → 0 keeping r/α fixed. It is then convenient to define a new variable U ≡ r/α , so that the metric becomes
This can also be seen by considering a D3 brane sitting at r. This corresponds to giving a vacuum expectation value to one of the scalars in the Yang-Mills theory. When we take the α → 0 limit we want to keep the mass of the "W -boson" fixed. This mass, which is the mass of the string stretching between the branes sitting at r = 0 and the one at r, is proportional to U = r/α , so this quantity should remain fixed in the decoupling limit.
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A U (N ) gauge theory is essentially equivalent to a free U (1) vector multiplet times an SU (N ) gauge theory, up to some Z N identifications (which affect only global issues). In the dual string theory all modes interact with gravity, so there are no decoupled modes. Therefore, the bulk AdS theory is describing the SU (N ) part of the gauge theory. In fact we were not precise when we said that there were two sets of excitations at low energies, the excitations in the asymptotic flat space and the excitations in the near horizon region. There are also some zero modes which live in the region connecting the "throat" (the near horizon region) with the bulk, which correspond to the U (1) degrees of freedom mentioned above. The U (1) vector supermultiplet includes six scalars which are related to the center of mass motion of all the branes. 36 From the AdS point of view these zero modes live at the boundary, and it looks like we might or might not decide to include them in the AdS theory. Depending on this choice we could have a correspondence to an SU (N ) or a U (N ) theory. The U (1) center of mass degree of freedom is related to the topological theory of B-fields on AdS;
37 if one imposes local boundary conditions for these B-fields at the boundary of AdS one finds a U (1) gauge field living at the boundary, 38 as is familiar in Chern-Simons theories. 24, 39 These modes living at the boundary are sometimes called singletons (or doubletons). Anti-de-Sitter space has a large group of isometries, which is SO(4, 2) for the case at hand. This is the same group as the conformal group in 3 + 1 dimensions. Thus, the fact that the low-energy field theory on the brane is conformal is reflected in the fact that the near horizon geometry is Anti-de-Sitter space. We also have some supersymmetries. The number of supersymmetries is twice that of the full solution (3) containing the asymptotic region. 36 This doubling of supersymmetries is viewed in the field theory as a consequence of superconformal invariance, since the superconformal algebra has twice as many fermionic generators as the corresponding Poincare superalgebra. We also have an SO(6) symmetry which rotates the S 5 . This can be identified with the SU (4) R R-symmetry group of the field theory. In fact, the whole supergroup is the same for the N = 4 field theory and the AdS 5 ×S 5 geometry, so both sides of the conjecture have the same spacetime symmetries.
In the above derivation the field theory is naturally defined on R 3,1 , but we could also think of the conformal field theory as defined on S 3 × R by redefining the Hamiltonian. Since the isometries of AdS are in one to one correspondence with the generators of the conformal group of the field theory, we can conclude that this new Hamiltonian 1 2 (P 0 + K 0 ) can be associated on AdS to the generator of translations in global time. This formulation of the conjecture is more useful since in the global coordinates there is no horizon. When we put the field theory on S 3 the Coulomb branch is lifted and there is a unique ground state. This is due to the fact that the scalars φ I in the field theory are conformally coupled, so there is a term of the form d 4 xTr(φ 2 )R in the Lagrangian, where R is the curvature of the four-dimensional space on which the theory is defined. Due to the positive curvature of S 3 this leads to a mass term for the scalars, 19 lifting the moduli space. The parameter N appears on the string theory side as the flux of the five-form RamondRamond field strength on the S 5 ,
From the physics of D-branes we know that the Yang-Mills coupling is related to the string coupling through where we have also included the relationship of the θ angle to the expectation value of the RR scalar χ. We have written the couplings in this fashion because both the gauge theory and the string theory have an SL(2, Z) self-duality symmetry under which τ → (aτ + b)/(cτ + d) (where a, b, c, d are integers with ad − bc = 1). In fact, SL(2, Z) is a conjectured strong-weak coupling duality symmetry of type IIB string theory in flat space, 50 and it should also be a symmetry in the present context since all the fields that are being turned on in the AdS 5 × S 5 background (the metric and the five form field strength) are invariant under this symmetry.
The connection between the SL(2, Z) duality symmetries of type IIB string theory and N = 4 SYM was noted in Refs. 51, 52, and 53. The string theory seems to have a parameter that does not appear in the gauge theory, namely α , which sets the string tension and all other scales in the string theory. However, this is not really a parameter in the theory if we do not compare it to other scales in the theory, since only relative scales are meaningful. In fact, only the ratio of the radius of curvature to α is a parameter, but not α and the radius of curvature independently. Thus, α will disappear from any final physical quantity we compute in this theory. It is sometimes convenient, especially when one is doing gravity calculations, to set the radius of curvature to one. This can be achieved by writing the metric as ds 2 = R 2 ds 2 , and rewriting everything in terms ofg. With these conventions
This implies that any quantity calculated purely in terms of the gravity solution, without including stringy effects, will be independent of g s N and will depend only on N . α corrections to the gravity results give corrections which are proportional to powers of 1/ √ g s N.
Now, let us address the question of the validity of various approximations. The analysis of loop diagrams in the field theory shows that we can trust the perturbative analysis in the Yang-Mills theory when
Note that we need g . On the other hand, the classical gravity description becomes reliable when the radius of curvature R of AdS and of S 5 becomes large compared to the string length,
We see that the gravity regime (10) and the perturbative field theory regime (9) are perfectly incompatible. In this fashion we avoid any obvious contradiction due to the fact that the two theories look very different. This is the reason that this correspondence is called a "duality". The two theories are conjectured to be exactly the same, but when one side is weakly coupled the other is strongly coupled and vice versa. This makes the correspondence both hard to prove and useful, as we can solve a strongly coupled gauge theory via classical supergravity. Notice that in (9)(10) we implicitly assumed that g s < 1. If g s > 1 we can perform an SL(2, Z) duality transformation and get conditions similar to (9)(10) but with g s → 1/g s .
So, we cannot get into the gravity regime (10) by taking N small (N = 1, 2, ..) and g s very large, since in that case the D-string becomes light and renders the gravity approximation invalid. Another way to see this is to note that the radius of curvature in Planck units is
One might wonder why the above argument was not a proof rather than a conjecture. It is not a proof because we did not treat the string theory non-perturbatively (not even nonperturbatively in α ). We could also consider different forms of the conjecture. In its weakest form the gravity description would be valid for large g s N , but the full string theory on AdS might not agree with the field theory. A not so weak form would say that the conjecture is valid even for finite g s N , but only in the N → ∞ limit (so that the α corrections would agree with the field theory, but the g s corrections may not). The strong form of the conjecture, which is the most interesting one and which we will assume here, is that the two theories are exactly the same for all values of g s and N . In this conjecture the spacetime is only required to be asymptotic to AdS 5 × S 5 as we approach the boundary. In the interior we can have all kinds of processes; gravitons, highly excited fundamental string states, D-branes, black holes, etc. Even the topology of spacetime can change in the interior. The Yang-Mills theory is supposed to effectively sum over all spacetimes which are asymptotic to AdS 5 × S 5 . This is completely analogous to the usual conditions of asymptotic flatness. We can have black holes and all kinds of topology changing processes, as long as spacetime is asymptotically flat. In this case asymptotic flatness is replaced by the asymptotic AdS behavior.
Brane Probes and Multicenter Solutions
The moduli space of vacua of the N = 4 U (N ) gauge theory is (R 6 ) N /S N , parametrizing the positions of the N branes in the six dimensional transverse space. In the supergravity solution one can replace
and still have a solution to the supergravity equations. We see that if | r| | r i | then the two solutions are basically the same, while when we go to r ∼ r i the solution starts looking like the solution of a single brane. Of course, we cannot trust the supergravity solution for a single brane (since the curvature in Planck units is proportional to a negative power of N ). What we can do is separate the N branes into groups of N i branes with g s N i 1 for all i. Then we can trust the gravity solution everywhere.
Another possibility is to separate just one brane (or a small number of branes) from a group of N branes. Then we can view this brane as a D3-brane in the AdS 5 background which is generated by the other branes (as described above). A string stretching between the brane probe and the N branes appears in the gravity description as a string stretching between the D3-brane and the horizon of AdS. This seems a bit surprising at first since the proper distance to the horizon is infinite. However, we get a finite result for the energy of this state once we remember to include the redshift factor. The D3-branes in AdS (like any D3-branes in string theory) are described at low energies by the Born-Infeld action, which is the Yang-Mills action plus some higher derivative corrections. This seems to contradict, at first sight, the fact that the dual field theory (coming from the original branes) is just the pure Yang-Mills theory. In order to understand this point more precisely let us write explicitly the maldacenapv: submitted to World Scientific on June 15, 2006bosonic part of the Born-Infeld action for a D-3 brane in AdS,
where θ i are angular coordinates on the 5-sphere. We can easily check that if we define a new coordinate U = r/α , then all the α dependence drops out of this action. Since U (which has dimensions of energy) corresponds to the mass of the W bosons in this configuration, it is the natural way to express the Higgs expectation value that breaks U (N + 1) to U (N ) × U (1). In fact, the action (12) is precisely the low-energy effective action in the field theory for the massless U (1) degrees of freedom, that we obtain after integrating out the massive degrees of freedom (W bosons). We can expand (12) in powers of ∂U and we see that the quadratic term does not have any correction, which is consistent with the non-renormalization theorem for N = 4 super-Yang-Mills. 54 The (∂U ) 4 term has only a one-loop correction, and this is also consistent with another non-renormalization theorem.
55 This one-loop correction can be evaluated explicitly in the gauge theory and the result agrees with the supergravity result. 56 It is possible to argue, using broken conformal invariance, that all terms in (12) are determined by the (∂U ) 4 term. 4 Since the massive degrees of freedom that we are integrating out have a mass proportional to U , the action (12) makes sense as long as the energies involved are much smaller than U . In particular, we need ∂U/U U . Since (12) has the form L(g s N (∂U ) 2 /U 4 ), the higher order terms in (12) could become important in the supergravity regime, when g s N 1. The Born Infeld action (12) , as always, makes sense only when the curvature of the brane is small, but the deviations from a straight flat brane could be large. In this regime we can keep the non-linear terms in (12) while we still neglect the massive string modes and similar effects. Further gauge theory calculations for effective actions of D-brane probes include Refs. 57, 58, and 59.
The Field ↔ Operator Correspondence
A conformal field theory does not have asymptotic states or an S-matrix, so the natural objects to consider are operators. For example, in N = 4 super-Yang-Mills we have a deformation by a marginal operator which changes the value of the coupling constant. Changing the coupling constant in the field theory is related by (8) to changing the coupling constant in the string theory, which is then related to the expectation value of the dilaton. The expectation value of the dilaton is set by the boundary condition for the dilaton at infinity. So, changing the gauge theory coupling constant corresponds to changing the boundary value of the dilaton. More precisely, let us denote by O the corresponding operator. We can consider adding the term d 4 xφ 0 ( x)O( x) to the Lagrangian (for simplicity we assume that such a term was not present in the original Lagrangian, otherwise we consider φ 0 ( x) to be the total coefficient of O( x) in the Lagrangian). According to the discussion above, it is natural to assume that this will change the boundary condition of the dilaton at the boundary of AdS to φ( x, z)| z=0 = φ 0 ( x), in the coordinate system
More precisely, as argued in Refs. 18 and 19, it is natural to propose that
where the left hand side is the generating function of correlation functions in the field theory, i.e. φ 0 is an arbitrary function and we can calculate correlation functions of O by taking functional derivatives with respect to φ 0 and then setting φ 0 = 0. The right hand side is the full partition function of string theory with the boundary condition that the field φ has the value φ 0 on the boundary of AdS. Notice that φ 0 is a function of the four variables parametrizing the boundary of AdS 5 . A formula like (13) is valid in general, for any field φ. Therefore, each field propagating on AdS space is in a one to one correspondence with an operator in the field theory. There is a relation between the mass of the field φ and the scaling dimension of the operator in the conformal field theory. Let us describe this more generally in AdS d+1 . The wave equation in Euclidean space for a field of mass m has two independent solutions, which behave like z d−∆ and z ∆ for small z (close to the boundary of AdS), where
Therefore, in order to get consistent behavior for a massive field, the boundary condition on the field in the right hand side of (13) should in general be changed to
and eventually we would take the limit where → 0. Since φ is dimensionless, we see that φ 0 has dimensions of [length] ∆−d which implies, through the left hand side of (13) , that the associated operator O has dimension ∆ (14) . A similar relation between fields on AdS and operators in the field theory exists also for non-scalar fields, including fermions and tensors on AdS space.
Correlation functions in the gauge theory can be computed from (13) by differentiating with respect to φ 0 . Each differentiation brings down an insertion O, which sends a φ particle (a closed string state) into the bulk. Feynman diagrams can be used to compute the interactions of particles in the bulk. In the limit where classical supergravity is applicable, the only diagrams that contribute are the tree-level diagrams of the gravity theory.
This method of defining the correlation functions of a field theory which is dual to a gravity theory in the bulk of AdS space is quite general, and it applies in principle to any theory of gravity.
19 Any local field theory contains the stress tensor as an operator. Since the correspondence described above matches the stress-energy tensor with the graviton, this implies that the AdS theory includes gravity. It should be a well defined quantum theory of gravity since we should be able to compute loop diagrams. String theory provides such a theory. But if a new way of defining quantum gravity theories comes along we could consider those gravity theories in AdS, and they should correspond to some conformal field theory "on the boundary". In particular, we could consider backgrounds of string theory of the form AdS 5 × M 5 where M 5 is any Einstein manifold. 60, 61, 62 Depending on the choice of M
Holography
In this section we will describe how the AdS/CFT correspondence gives a holographic description of physics in AdS spaces. Let us start by explaining the Bekenstein bound, which states that the maximum entropy in a region of space is S max = Area/4G N , 28 where the area is that of the boundary of the region. Suppose that we had a state with more entropy than S max , then we show that we could violate the second law of thermodynamics. We can throw in some extra matter such that we form a black hole. The entropy should not decrease. But if a black hole forms inside the region its entropy is just the area of its horizon, which is smaller than the area of the boundary of the region (which by our assumption is smaller than the initial entropy). So, the second law has been violated.
Note that this bound implies that the number of degrees of freedom inside some region grows as the area of the boundary of a region and not like the volume of the region. In standard quantum field theories this is certainly not possible. Attempting to understand this behavior leads to the "holographic principle", which states that in a quantum gravity theory all physics within some volume can be described in terms of some theory on the boundary which has less than one degree of freedom per Planck area 26, 27 (so that its entropy satisfies the Bekenstein bound).
In the AdS/CFT correspondence we are describing physics in the bulk of AdS space by a field theory of one less dimension (which can be thought of as living on the boundary), so it looks like holography. However, it is hard to check what the number of degrees of freedom per Planck area is, since the theory, being conformal, has an infinite number of degrees of freedom, and the area of the boundary of AdS space is also infinite. Thus, in order to compare things properly we should introduce a cutoff on the number of degrees of freedom in the field theory and see what it corresponds to in the gravity theory. For this purpose let us write the metric of AdS as
In these coordinates the boundary of AdS is at r = 1. We saw above that when we calculate correlation functions we have to specify boundary conditions at r = 1 − δ and then take the limit of δ → 0. It is clear by studying the action of the conformal group on Poincaré coordinates that the radial position plays the role of some energy scale, since we approach the boundary when we do a conformal transformation that localizes objects in the CFT. So, the limit δ → 0 corresponds to going to the UV of the field theory. When we are close to the boundary we could also use the Poincaré coordinates
in which the boundary is at z = 0. If we consider a particle or wave propagating in (17) or (16) we see that its motion is independent of R in the supergravity approximation. Furthermore, if we are in Euclidean space and we have a wave that has some spatial extent λ in the x directions, it will also have an extent λ in the z direction. This can be seen from (17) by eliminating λ through the change of variables x → λx, z → λz. This implies that a cutoff at
corresponds to a UV cutoff in the field theory at distances δ, with no factors of R (δ here is dimensionless, in the field theory it is measured in terms of the radius of the S 4 or S 3 that the theory lives on). Equation (18) is called the UV-IR relation.
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Consider the case of N = 4 SYM on a three-sphere of radius one. We can estimate the number of degrees of freedom in the field theory with a UV cutoff δ. We get
since the number of cells into which we divide the three-sphere is of order 1/δ 3 . In the gravity solution (16) the area in Planck units of the surface at r = 1 − δ, for δ 1, is
Thus, we see that the AdS/CFT correspondence saturates the holographic bound.
One could be a little suspicious of the statement that gravity in AdS is holographic, since it does not seem to be saying much because in AdS space the volume and the boundary area of a given region scale in the same fashion as we increase the size of the region. In fact, any field theory in AdS would be holographic in the sense that the number of degrees of freedom within some (large enough) volume is proportional to the area (and also to the volume). What makes this case different is that we have the additional parameter R, and then we can take AdS spaces of different radii (corresponding to different values of N in the SYM theory), and then we can ask whether the number of degrees of freedom goes like the volume or the area, since these have a different dependence on R.
One might get confused by the fact that the surface r = 1 − δ is really nine dimensional as opposed to four dimensional. From the form of the full metric on AdS 5 × S 5 we see that as we take δ → 0 the physical size of four of the dimensions of this nine dimensional space grow, while the other five, the S 5 , remain constant. So, we see that the theory on this nine dimensional surface becomes effectively four dimensional, since we need to multiply the metric by a factor that goes to zero as we approach the boundary in order to define a finite metric for the four dimensional gauge theory.
